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In this paper, wewill study variational relation problemswithout the KKMproperty, whose
proof techniques differ between Luc (2008) [1] and Pu and Yang (2012) [9]. As applications,
some existence theorems of solution for the generalized KKM theorem, variational
inclusion problem, generalized (vector) Ky Fan Minimax Inequality, generalized Ky Fan
section theorem, n-person noncooperative generalized game and n-person noncooperative
multi-objective generalized game are obtained.
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1. Introduction
It is well known that the equilibrium problem is a unified model of several problems, namely, the optimization problem,
saddle point problem, variational inequality problem, fixed point problem, Nash equilibrium problem etc. Recently, several
people focused on the study of equilibriumproblems and their generalizations. Khanh and Luc [1] introduced amore general
model of equilibrium problems which is called a variational relation problem (for short, VR), and studied the stability of the
solution set in [2].
Let X, Y , Z be nonempty sets, and S1 : X ⇒ X, S2 : X ⇒ Y ,H : X × Y ⇒ Z be three multivalued mappings. Let R be a
relation linking x ∈ X , y ∈ Y and z ∈ Z .
(VR) Find x∗ ∈ X such that x∗ ∈ S1(x∗) and R(x∗, y, v) holds for every y ∈ S2(x∗) and any v ∈ H(x∗, y).
Further studies of variational relation problems have been done. Lin and Wang [3] studied simultaneous variational
relation problems (SVR) and related applications. Let X, Y be two nonempty compact convex metrizable subsets in two
locally convex topological vector spaces and Z be a topological space, and S : X ⇒ X and T : X ⇒ Y be two multivalued
maps with nonempty values. The following problem is considered:
(SVR) Find (x∗, y∗) ∈ X × Y such that x∗ ∈ clS(x∗), y∗ ∈ T (x∗),
Q (x∗, y∗, u) holds for all u ∈ S(x∗);
R(x∗, y∗, v) holds for all v ∈ T (x∗);
where R and Q are relations defined on X × Y × Y and X × Y × X , respectively.
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Balaj and Luc [4] introducedmixed variational relation problems (MR) and established existence of solutions to a general
inclusion problem. Particular cases of variational inclusion and intersection of set-valued maps were also discussed in [4].
Let X, Y and Z be nonempty sets, let P1, P2 : X × Y ⇒ Z,Q1,Q2 : X ⇒ Y be set-valued maps and let r1(x, y, z), r2(x, y, z) be
two relations linking x ∈ X, y ∈ Y and z ∈ Z . The followingmixed variational relation problem simultaneously is considered
involving r1 and r2:
(MR) Find x∗ ∈ X such that
(i) r1(x∗, y∗, z) holds for some y∗ ∈ Q1(x∗) and for all z ∈ P1(x∗, y∗)
(ii) r2(x∗, y, z) holds for all y ∈ Q2(x∗) and z ∈ P2(x∗, y).
Balaj and Lin [5] brought forward generalized variational relation problems (GVR), and obtained an existence theorem of
the solutions for a variational relation problem. An existence theorem for a variational inclusion problem, a KKM theorem
and an extension of the well know Ky Fan inequality would be established, as particular cases. Let X be a nonempty convex
subset of a real locally convex Hausdorff topological vector space, T : X ⇒ X,Q : X ⇒ X be multivalued mappings and
R(x, y) be a relation linking x ∈ X and y ∈ X . We consider the following generalized variational relation problem:
(GVR) Find x∗ ∈ X such that x∗ ∈ T (x∗) and R(x∗, y) holds for all y ∈ Q (x∗).
Lin and Ansari [6] introduced a system of quasi-variational relations, and established the existence of solutions of SQVP
by mean of maximal element theorem for a family of multivalued maps. For variational relation problems, the reader may
consult [7,8]. Let I be any index set. For each i ∈ I , let Ei, Vi and Zi be real topological vector spaces and Xi and Yi be nonempty
convex subsets of Ei and Vi, respectively. Let X = i∈I Xi. For each i ∈ I , let Si,Qi : X ⇒ Xi be multivalued maps with
nonempty values and Ri(x, yi) be a relation linking x ∈ X and yi ∈ Xi. We consider the following problem of a system of
quasi-variational relations, denoted by (SQVR):
(SQVR) Find x∗ = (x∗i )i∈I ∈ X such that for each i ∈ I, x∗i ∈ Si(x∗) and Ri(x∗, yi) holds for all yi ∈ Qi(x∗).
The KKM property of variational relation R plays an important role in the proof of [1–9]. Variational relation R defined on
X × X has the KKM property iff, for any finite {x1, . . . , xn} ⊂ X and any x ∈ co{x1, . . . , xn}, there exists i ∈ {1, . . . , n} such
that R(x, xi) holds. In this paper, we will study variational relation problems without the KKM property.
Two important concepts for removing the concavity/quasi-concavity assumptions of functions aremarked by the seminal
papers of Fan [10,11] for two-person zero-sum games, and the complete abandonment of concavity in Nishimura and
Friedman [12]. In [13], Forgo introduced the CF-concavity by adding continuity to Fan’s concave-like condition, and proved
the existence of a Nash equilibrium. Recently, Kim and Lee [14,15] introduced C-concavity which generalizes both the
concave condition and CF-concavity without assuming linear structure, Next, they proved an existence theorem of Nash
equilibrium and its applications using C-concavity. And, more recently, Kim and Kum [16] further generalized C-convexity
using constraint correspondences, and proved an equilibrium existence theorem for a compact generalized N-person game.
In [17], the existence of a pure-strategy Nash equilibrium is given.
Motivated and inspired by research works mentioned above, in this paper, we will study variational relation problems
without the KKM property, whose proof techniques are different from [1–9]. As applications, some existence theorems of
solution for the generalized KKM theorem, variational inclusion problem, generalized (vector) Ky Fan Minimax Inequality,
generalized Ky Fan section theorem, n-person noncooperative generalized game and n-person noncooperative multi-
objective generalized game are obtained.
2. Main results
Definition 2.1. Let X and Y be two Hausdorff topological spaces, and F : X ⇒ Y be a set-valued mapping.
(1) Iff, for any open subset O of Y with O ⊃ F(x), there exists an open neighborhood U(x) of x such that O ⊃ F(x′) for any
x′ ∈ U(x), F is called upper semicontinuous at x ∈ X .
(2) Iff F is upper semicontinuous on each x ∈ X, F is called upper semicontinuous on X .
(3) Iff, for any open subset O of Y with O

F(x) ≠ ∅, there exists an open neighborhood U(x) of x such that O F(x′) ≠ ∅
for any x′ ∈ U(x), F is called lower semicontinuous at x ∈ X .
(4) Iff F is lower semicontinuous on each x ∈ X, F is called lower semicontinuous on X .
(5) Iff Graph(F) = {(x, y) ∈ X × Y |y ∈ F(x)} is closed, F is called closed.
In [18], Granas and Dugundji introduced the fixed point property.
Definition 2.2. Let E be a Hausdorff topological vector space, and let X be a nonempty subset of E. X has the fixed point
property iff every continuous mapping f : X −→ X has a fixed point.
Definition 2.3 ([1,2]). Let A and B be nonempty subsets of topological spaces E1 and E2, respectively, and R(a, b) be a relation
linking a ∈ A and b ∈ B. For each fixed b ∈ B, we say that R(·, b) is closed in the first variable, if, for every net {aα} converges
to some a and R(aα, b) holds for any α, then the relation R(a, b) holds.
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Next, we give a new existence theorem of solutions for variational relation problem without the KKM property.
Theorem 2.1. Let X be a nonempty and compact subset of a Hausdorff topological vector space E, and X have the fixed point
property. Let R(x, y) be a relation linking elements x ∈ X, y ∈ X with the following conditions:
(i) for any fixed y ∈ X, R(·, y) is closed;
(ii) for any finite subset {x1, . . . , xn} of X, there exists a continuous mapping φn : ∆n −→ X such that, for any λ = (λ1, . . . ,
λn) ∈ ∆n, there exists i ∈ J(λ) such that R(φn(λ), xi) holds, where∆n = {(λ1, . . . , λn) ∈ Rn|ni=1 λi = 1, λi ≥ 0}, J(λ) ={i ∈ {1, . . . , n}|λi > 0}.
Then there exists x∗ ∈ X such that R(x∗, y) holds for any y ∈ X.
Proof. First, for any y ∈ X , we denote
U(y) = {x ∈ X |R(x, y) does not hold}.
By condition (i), U(y) is open in X .
Assume the contrary, that is, for any x ∈ X , there exists y ∈ X such that R(x, y) does not hold, then
X =

y∈X
U(y).
Since X is nonempty and compact, then there exists {y1, . . . , yn} ⊂ X such that
X =
n
i=1
U(yi).
Let {βi|i = 1, 2, . . . , n} be the partition of unity subordinate to the open covering {U(yi)|i = 1, 2, . . . , n} of X , that is,
{βi|i = 1, 2, . . . , n} is the set of continuous function with following conditions:
0 ≤ βi(x) ≤ 1,
n
i=1
βi(x) = 1; ∀x ∈ X, i = 1, 2, . . . , n;
and if x ∉ U(yi) for some i, then βi(x) = 0, which implies that R(x, yi) holds.
By condition (ii), for these {y1, . . . , yn} ⊂ X , there exists φn : ∆n −→ X such that, for any λ = (λ1, . . . , λn) ∈ ∆n, there
exists i ∈ J(λ) such that R(φn(λ), xi) holds, where J(λ) = {i ∈ {1, . . . , n}|λi > 0}. Next, we define themappingΨ : X −→ X
by
Ψ (x) = φn(β1(x), . . . , βn(x)), ∀x ∈ X .
Since X has the fixed point property, then there exists x ∈ X such that
x = Ψ (x) = φn(β1(x), . . . , βn(x)).
Thus there exists i0 ∈ {i ∈ {1, . . . , n}|βi(x) > 0} such that
R(x, yi0) holds, that is, R(Ψ (x), yi0) holds
which implies that x ∉ U(yi0), that is, βi0(x) = 0. It contradicts the fact i0 ∈ J(β1(x), . . . , βn(x)), i.e., βi0(x) > 0. This
completes the proof. 
Next, we give a new existence theorem of solutions for the generalized variational relation problem without the KKM
property.
Theorem 2.2. Let X, Y be two nonempty and compact subsets of two Hausdorff topological vector spaces, and X have the fixed
point property. Let S1 : X ⇒ X, S2 : X ⇒ X and S3 : X × X ⇒ Y be three set-valued mappings with nonempty values, and
R(x, y, z) be a relation linking elements x ∈ X, y ∈ X and z ∈ Z. Assume that
(i) A := {x ∈ X |x ∈ S1(x)} is closed;
(ii) S2(x) ⊂ S1(x) for any x ∈ X, and S−12 (y) is open in X for any y ∈ X;
(iii) for any fixed y ∈ X, S3(·, y) is lower semicontinuous;
(iv) for any fixed y ∈ X, R(·, y, ·) is closed;
(v) for any finite subset {x1, . . . , xn} of X, there exists a continuous mapping φn : ∆n −→ X such that, for any λ = (λ1, . . . ,
λn) ∈ ∆n, there exists i ∈ J(λ) such that R(φn(λ), xi, z) holds for any z ∈ S3(φn(λ), xi); if xi ∈ S2(φn(λ)) for any i ∈ J(λ),
then φn(λ) ∈ S2(φn(λ)), where J(λ) = {i ∈ {1, . . . , n}|λi > 0}.
Then there exists x∗ ∈ X such that x∗ ∈ S1(x∗) and R(x∗, y, z) holds for any y ∈ S2(x∗) and for any z ∈ S3(x∗, y).
Y.J. Pu, Z. Yang / J. Math. Anal. Appl. 393 (2012) 256–264 259
Proof. Define variational relation ρ(x, y) linking elements x, y ∈ X by
ρ(x, y) holds if and only if
y ∉ S2(x) or
x ∈ S1(x) and R(x, y, z) holds for all z ∈ S3(x, y).
(I) For any fixed y ∈ X and for every net {xα} that converges to some x and for which ρ(xα, y) holds for any α, we have two
cases:
(1) if y ∉ S2(xα), then xα ∉ S−12 (y). Since S−12 (y) is open in X for any y ∈ X , then x ∉ S−12 (y), that is, y ∉ S2(x). Thus ρ(x, y)
holds;
(2) if xα ∈ S1(xα) and R(xα, y, z) holds for all z ∈ S3(xα, y), then x ∈ S1(x) by condition (i). If there exists z ∈ S3(x, y) such
that R(x, y, z) does not hold, then, since S3(·, y) is lower semicontinuous, there exists zα ∈ S3(xα, y)with zα −→ z. And,
since R(·, y, ·) is closed, then
{(x, z) ∈ X × Y |R(x, y, z) does not hold}
is open. Hence there exists α0 such that R(xα, y, zα) does not hold for any α ≻ α0, which contradicts the fact that
R(xα, y, z) holds for any z ∈ S3(xα, y). Thus, x ∈ S1(x) and R(x, y, z) holds for any z ∈ S3(x, y). Thus ρ(x, y) holds.
In a word, ρ(·, y) is closed for any fixed y ∈ X .
(II) By condition (v), for any finite subset {x1, . . . , xn} of X , there exists a continuous mapping φn : ∆n −→ X such that, for
any λ ∈ ∆n, there exists i ∈ J(λ) such that R(φn(λ), xi, z) holds for any z ∈ S3(φn(λ), xi). Next, we have two cases:
(1) if there is i0 ∈ J(λ) such that xi0 ∉ S2(φn(λ)), which implies that φn(λ) ∈ X \ S−12 (xi0). Thus ρ(φn(λ), xi0) holds;
(2) if xi ∈ S2(φn(λ)) for any i ∈ J(λ), by condition (v), then φn(λ) ∈ S2(φn(λ)). By condition (ii), we have φn(λ) ∈
S1(φn(λ)). Then φn(λ) ∈ S1(φn(λ)) and, for any λ ∈ ∆n, there exists i ∈ J(λ) such that R(φn(λ), xi, z) holds for any
z ∈ S3(φn(λ), xi). Thus ρ(φn(λ), xi0) holds.
In a word, for any finite subset {x1, . . . , xn} of X , there exists a continuous mapping φn : ∆n −→ X such that, for any
λ = (λ1, . . . , λn) ∈ ∆n, there exists i ∈ J(λ) such that ρ(φn(λ), xi) holds.
(III) Hence, by Theorem 2.1, there exists x∗ ∈ X such that ρ(x∗, y) holds, that is, x∗ ∈ S1(x∗) and R(x∗, y, z) holds for any
y ∈ S2(x∗) and for any z ∈ S3(x∗, y).
As the special case of Theorem 2.3, Corollary 2.1 is obtained.
Corollary 2.1. Let X be a nonempty and compact subset of a Hausdorff topological vector space, and X have the fixed point
property. S1 : X ⇒ X, S2 : X ⇒ X are two set-valued mappings with nonempty values. Let R(x, y) be a relation linking elements
x ∈ X and y ∈ Z. Assume that
(i) A := {x ∈ X |x ∈ S1(x)} is closed;
(ii) S2(x) ⊂ S1(x) for any x ∈ X, and S−12 (y) is open in X for any y ∈ X;
(iii) for any fixed y ∈ X, R(·, y) is closed;
(iv) for any finite subset {x1, . . . , xn} of X, there exists a continuous mapping φn : ∆n −→ X such that, for any λ = (λ1, . . . ,
λn) ∈ ∆n, there exists i ∈ J(λ) such that R(φn(λ), xi) holds; if xi ∈ S2(φn(λ)) for any i ∈ J(λ), then φn(λ) ∈ S2(φn(λ)),
where J(λ) = {i ∈ {1, . . . , n}|λi > 0}.
Then there exists x∗ ∈ X such that x∗ ∈ S1(x∗) and R(x∗, y) holds for any y ∈ S2(x∗).
Next, we give a new generalized KKM theorem.
Definition 2.4. Let X be a nonempty subset of a Hausdorff topological vector space E. A multivalued mapping F : X ⇒ E
is called a generalized KKM-mapping if, for any finite {x1, . . . , xn} ⊂ X , there exists a continuous function φn : ∆n −→ X
such that, for any λ = (λ1, . . . , λn) ∈ ∆n, there exists i ∈ J(λ) such that φn(λ) ∈ F(xi).
Remark 2.1. If
φn(λ) = λ1x1 + · · · + λnxn,
then the new KKM-mapping is the traditional KKM-mapping.
Theorem 2.3. Let X be a nonempty and compact subset of a Hausdorff topological vector space E, a multivalued mapping
F : X ⇒ X be a closed-value generalized KKM-mapping, and X have the fixed point property. Then
x∈X
F(x) ≠ ∅.
Proof. Apply Theorem 2.1 when R(x, y) holds iff x ∈ F(y). 
Next, the generalized Ky Fan section theorem is obtained.
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Theorem 2.4. Let X be a nonempty and compact subset of a Hausdorff topological vector space E, and X have the fixed point
property. B ⊂ X × X satisfies
(i) for any y ∈ X, {x ∈ X |(x, y) ∈ B} is open in X;
(ii) for any finite subset {x1, . . . , xn} of X, there exists a continuous mapping φn : ∆n −→ X such that, for any λ =
(λ1, . . . , λn) ∈ ∆n, there exists i ∈ J(λ) such that (φn(λ), xi) ∉ B.
Then there exists x∗ ∈ X such that (x∗, y) ∉ B for any y ∈ X.
Proof. Define variational relation R(x, y) by
R(x, y) holds if and only if (x, y) ∉ B.
By condition (i), R(·, y) is closed for any y ∈ X . By condition (ii), for any finite subset {x1, . . . , xn} of X , there exists a
continuous mapping φn : ∆n −→ X such that, for any λ ∈ ∆n, there exists i ∈ J(λ) such that R(φn(λ), xi) holds. Hence, by
Theorem 2.1, R(x∗, y) holds for any y ∈ X , that is, there exists x∗ ∈ X such that (x∗, y) ∉ B for any y ∈ X . 
3. Related applications
3.1. Variational inclusion problem
Let X, Y , Z be three Hausdorff topological vector spaces. and F : X × X × Y ⇒ Z,G : X × X × Y ⇒ Z, S1 : X ⇒ X ,
S2 : X ⇒ X and S3 : X × X ⇒ Y be five set-valued mappings.
Variational inclusion problem (I)
Find x∗ ∈ X such that x∗ ∈ S1(x∗) and 0 ∈ F(x∗, y, z) for all y ∈ S2(x∗) and all z ∈ S3(x∗, y).
Variational inclusion problem (II)
Find x∗ ∈ X such that x∗ ∈ S1(x∗) and F(x∗, y, z) ⊂ G(x∗, y, z) for all y ∈ S2(x∗) and all z ∈ S3(x∗, y).
Variational inclusion problem (III)
Find x∗ ∈ X such that x∗ ∈ S1(x∗) and F(x∗, y, z) ∩ G(x∗, y, z) ≠ ∅ for all y ∈ S2(x∗) and all z ∈ S3(x∗, y).
Theorem 3.1. Let X, Y be two nonempty and compact subsets of two Hausdorff topological vector spaces, and X have the fixed
point property. Let S1 : X ⇒ X, S2 : X ⇒ X and S3 : X × X ⇒ Y be three set-valued mappings with nonempty values. Assume
that (i)–(iii) of Theorem 2.2 hold and
(1) for any fixed y ∈ X, {(x, z) ∈ X × Y |0 ∈ F(x, y, z)} is closed;
(2) for any finite subset {x1, . . . , xn} of X, there exists a continuous mapping φn : ∆n −→ X such that, for any λ = (λ1, . . . ,
λn) ∈ ∆n, there exists i ∈ J(λ) such that 0 ∈ F(φn(λ), xi, z) for any z ∈ S3(φn(λ), xi); if xi ∈ S2(φn(λ)) for any i ∈ J(λ),
then φn(λ) ∈ S2(φn(λ)).
Then Variational inclusion problem (I) has at least one solution, that is, there exists x∗ ∈ X such that x∗ ∈ S1(x∗) and
0 ∈ F(x∗, y, z) for any y ∈ S2(x∗) and for any z ∈ S3(x∗, y).
Proof. Apply Theorem 2.2 when R(x, y, z) holds iff 0 ∈ F(x, y, z). 
Corollary 3.1. If condition (1) of Theorem 3.1 is replaced by the following condition:
(a) (x, z) −→ F(x, y, z) is closed.
Then there exists x∗ ∈ X such that x∗ ∈ S1(x∗) and 0 ∈ F(x∗, y, z) for any y ∈ S2(x∗) and for any z ∈ S3(x∗, y).
Proof. For any fixed y ∈ X , if for any net {(xα, zα)} in {(x, z) ∈ X × Y |0 ∈ F(x, y, z)} converges to some (x, z), then
0 ∈ F(xα, y, zα), since (x, z) −→ F(x, y, z) is closed, then 0 ∈ F(x, y, z). Thus {(x, z) ∈ X × Y |0 ∈ F(x, y, z)} is closed. 
Theorem 3.2. Let X, Y be two nonempty and compact subsets of two Hausdorff topological vector spaces, and X have the fixed
point property. Let S1 : X ⇒ X, S2 : X ⇒ X and S3 : X × X ⇒ Y be three set-valued mappings with nonempty values. Assume
that (i)–(iii) of Theorem 2.2 hold and
(1) for any fixed y ∈ X, {(x, z) ∈ X × Y |F(x, y, z) ⊂ G(x, y, z)} is closed;
(2) for any finite subset {x1, . . . , xn} of X, there exists a continuous mapping φn : ∆n −→ X such that, for any λ = (λ1, . . . ,
λn) ∈ ∆n, there exists i ∈ J(λ) such that F(φn(λ), xi, z) ⊂ G(φn(λ), xi, z) for any z ∈ S3(φn(λ), xi); if xi ∈ S2(φn(λ)) for
any i ∈ J(λ), then φn(λ) ∈ S2(φn(λ)).
Then Variational inclusion problem (II) has at least one solution, that is, there exists x∗ ∈ X such that x∗ ∈ S1(x∗) and
F(x∗, y, z) ⊂ G(x∗, y, z) for any y ∈ S2(x∗) and for any z ∈ S3(x∗, y).
Proof. Apply Theorem 2.2 when R(x, y, z) holds iff F(x, y, z) ⊂ G(x, y, z). 
Corollary 3.2. If condition (1) of Theorem 3.2 is replaced by the following condition:
(a) (x, z) −→ F(x, y, z) is lower semicontinuous, (x, z) −→ G(x, y, z) is closed.
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Then there exists x∗ ∈ X such that x∗ ∈ S1(x∗) and F(x∗, y, z) ⊂ G(x∗, y, z) for any y ∈ S2(x∗) and for any z ∈ S3(x∗, y).
Proof. For any fixed y ∈ X , if, for any net {(xα, zα)} in {(x, z) ∈ X × Y |F(x, y, z) ⊂ G(x, y, z)} converges to some (x, z),
then F(xα, y, zα) ⊂ G(xα, y, zα). For any u ∈ F(x, y, z), since (x, z) −→ F(x, y, z) is lower semicontinuous, then there
exists uα ∈ F(xα, y, zα) ⊂ G(xα, y, zα) such that uα −→ u. Since (x, z) −→ G(x, y, z) is closed, then u ∈ G(x, y, z). Then
F(x, y, z) ⊂ G(x, y, z). Thus {(x, z) ∈ X × Y |F(x, y, z) ⊂ G(x, y, z)} is closed. 
Theorem 3.3. Let X, Y be two nonempty and compact subsets of two Hausdorff topological vector spaces, and X have the fixed
point property. Let S1 : X ⇒ X, S2 : X ⇒ X and S3 : X × X ⇒ Y be three set-valued mappings with nonempty values. Assume
that (i)–(iii) of Theorem 2.2 hold and
(1) for any fixed y ∈ X, {(x, z) ∈ X × Y |F(x, y, z) ∩ G(x, y, z) ≠ ∅} is closed;
(2) for any finite subset {x1, . . . , xn} of X, there exists a continuous mapping φn : ∆n −→ X such that, for any λ = (λ1, . . . ,
λn) ∈ ∆n, there exists i ∈ J(λ) such that F(φn(λ), xi, z) ∩ G(φn(λ), xi, z) ≠ ∅ for any z ∈ S3(φn(λ), xi); if xi ∈ S2(φn(λ))
for any i ∈ J(λ), then φn(λ) ∈ S2(φn(λ)).
Then Variational inclusion problem (III) has at least one solution, that is, there exists x∗ ∈ X such that x∗ ∈ S1(x∗) and
F(x∗, y, z) ∩ G(x∗, y, z) ≠ ∅ for any y ∈ S2(x∗) and for any z ∈ S3(x∗, y).
Proof. Apply Theorem 2.2 when R(x, y, z) holds iff F(x, y, z) ∩ G(x, y, z) ≠ ∅. 
Corollary 3.3. If condition (1) of Theorem 3.3 is replaced by the following condition:
(a) (x, z) −→ F(x, y, z) ∩ G(x, y, z) is closed.
Then there exists x∗ ∈ X such that x∗ ∈ S1(x∗) and F(x∗, y, z)∩ G(x∗, y, z) ≠ ∅ for any y ∈ S2(x∗) and for any z ∈ S3(x∗, y).
Proof. For any fixed y ∈ X , if for any net {(xα, zα)} in {(x, z) ∈ X × Y |F(x, y, z) ∩ G(x, y, z) ≠ ∅} converges to
some (x, z), since (x, z) −→ F(x, y, z) ∩ G(x, y, z) is closed, then there exists uα ∈ F(xα, y, zα) ∩ G(xα, y, zα) such that
uα −→ u ∈ F(x, y, z) ∩ G(x, y, z). Thus {(x, z) ∈ X × Y |F(x, y, z) ∩ G(x, y, z) ≠ ∅} is closed. 
3.2. Generalized Ky Fan Minimax Inequality with C-quasiconcavity
In [17], Hou introduced the following C-quasiconcavity.
Definition 3.1. Let X be a topological space, and A, Y ⊂ X . A function f : X × Y −→ R is called C-quasiconcave on A if, for
any finite subset {x1, . . . , xn} of A, there exists a continuous mapping φn : ∆n −→ Y such that
f (φn(λ), φn(λ)) ≥ min
i∈J(λ)
f (φn(λ), xi)
for any λ = (λ1, . . . , λn) ∈ ∆n.
Next an existence theorem of solution for the generalized Ky Fan Minimax Inequality is proved. As a special case, the Ky
Fan Minimax Inequality with C-quasiconcavity is given.
Theorem 3.4. Let X be a nonempty and compact subset of a Hausdorff topological vector space, and X have the fixed point
property. Let S1 : X ⇒ X, S2 : X ⇒ X be two set-valued mappings with nonempty values, and f : X × X −→ R be a real-valued
function. Assume that (i)–(iii) of Corollary 2.1 hold and
(1) for any fixed y ∈ X, x −→ f (x, y) is lower semicontinuous;
(2) for any x ∈ X, f (x, x) ≤ 0;
(3) for any finite subset {x1, . . . , xn} of X, there exists a continuous mapping φn : ∆n −→ X such that, for any λ ∈ ∆n,
f (φn(λ), φn(λ)) ≥ min
i∈J(λ)
f (φn(λ), xi);
if xi ∈ S2(φn(λ)) for any i ∈ J(λ), then φn(λ) ∈ S2(φn(λ)).
Then there exists x∗ ∈ S1(x∗) such that f (x∗, y) ≤ 0 for any y ∈ S2(x∗).
Proof. Define variational relation R(x, y) by
R(x, y) holds if and only if f (x, y) ≤ 0.
Since, for any fixed y ∈ X, x −→ f (x, y) is lower semicontinuous, then R(·, y) is closed for any fixed y ∈ X .
By condition (3), for any finite subset {x1, . . . , xn} of X , there exists a continuous mapping φn : ∆n −→ X such that, for
any λ ∈ ∆n, there exists i ∈ J(λ) such that
f (φn(λ), φn(λ)) ≥ min
i∈J(λ)
f (φn(λ), xi).
Since for any x ∈ X , f (x, x) ≤ 0, then there exists i ∈ J(λ) such that f (φn(λ), xi) ≤ 0, that is, R(φn(λ), xi) holds.
It satisfies all conditions of Corollary 2.1. Then there exists x∗ ∈ S1(x∗) such that R(x∗, y) holds for all y ∈ S2(x∗), that is,
x∗ ∈ S1(x∗) such that f (x∗, y) ≤ 0 holds for all y ∈ S2(x∗). 
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Corollary 3.4. Let X be a nonempty and compact subset of a Hausdorff topological vector space, and X have the fixed point
property. A function f : X × X −→ R satisfies
(i) for any fixed y ∈ X, x −→ f (x, y) is lower semicontinuous;
(ii) for any fixed x ∈ X, y −→ f (x, y) is C-quasiconcave on X;
(iii) for any x ∈ X, f (x, x) ≤ 0.
Then there exists x∗ ∈ X such that f (x∗, y) ≤ 0 for any y ∈ X.
3.3. Generalized vector Ky Fan Minimax Inequality with C–P-quasiconcavity
Now, we generalize the Ky FanMinimax Inequality with C-quasiconcavity, and obtain vector Ky FanMinimax Inequality
with C–P-quasiconcavity.
Definition 3.2. Let X be a topological space, Z be aHausdorff topological vector spacewith nonempty convex closed pointed
cone P with int P ≠ ∅, and A, Y ⊂ X . A function f : X × Y −→ Z is called C–P-quasiconcave on A if, for any finite subset
{x1, . . . , xn} of A, there exists a continuous mapping φn : ∆n −→ Y such that, for any λ = (λ1, . . . , λn) ∈ ∆n, there exists
i ∈ J(λ) such that
f (φn(λ), φn(λ)) ∈ f (φn(λ), xi)+ P.
Definition 3.3. A vector-valued function f : X −→ Z is called P-continuous at x0 ∈ X if, for any open neighborhood V of
the zero element in Z , there exists an open neighborhood U of x0 in X such that, for any x ∈ U ,
f (x) ∈ f (x0)+ V + P,
and f is called P-continuous on X if it is P-continuous at every point of X .
Theorem 3.5. Let X be a nonempty and compact subset of a Hausdorff topological vector space, and X have the fixed point
property. Let S1 : X ⇒ X, S2 : X ⇒ X be two set-valued mappings with nonempty values, and f : X × X −→ Z be a set-valued
mapping. Assume that (i)–(iii) of Corollary 2.1 hold and
(1) for any fixed y ∈ X, x −→ f (x, y) is P-continuous;
(2) for any x ∈ X, f (x, x) ∉ int P;
(3) for any finite subset {x1, . . . , xn} of X, there exists a continuous mapping φn : ∆n −→ X such that, for any λ ∈ ∆n, there
exists i ∈ J(λ) such that
f (φn(λ), φn(λ)) ∈ f (φn(λ), xi)+ P;
if xi ∈ S2(φn(λ)) for any i ∈ J(λ), then φn(λ) ∈ S2(φn(λ)).
Then there exists x∗ ∈ S1(x∗) such that f (x∗, y) ∉ int P for any y ∈ S2(x∗).
Proof. Define variational relation R(x, y) by
R(x, y) holds if and only if f (x, y) ∉ int P.
For any fixed y ∈ X , for any net {xα} of X for which R(xα, y) holds and xα −→ x, suppose that R(x, y) does not hold, then
f (x, y) ∈ int P , which implies that there exists an open neighborhood V of zero in Z such that f (x, y)+ V ⊂ int P .
Since, for any fixed y ∈ X, x −→ f (x, y) is P-continuous, then there exists an open neighborhood U of x in X such that,
for any x′ ∈ U ,
f (x′, y) ∈ f (x, y)+ V + P ⊂ int P + P ⊂ int P,
which implies there exists α0 such that f (xα, y) ∈ int P for any α ≻ α0. It contradicts the fact that R(xα, y) holds. Thus R(·, y)
is closed for any y ∈ X .
Further, by condition (3), for any finite subset {y1, . . . , yn} of X , there exists a continuous mapping φn : ∆n −→ X such
that, for any λ = (λ1, . . . , λn) ∈ ∆n, there exists i0(λ) ∈ J(λ) such that
f (φn(λ), φn(λ)) ∈ f (φn(λ), yi0(λ))+ P.
If there exists λ0 ∈ ∆n such that R(φn(λ0), yi) not does hold for any i ∈ J(λ0), then
f (φn(λ0), yi) ∈ int P
for any i ∈ J(λ0), which implies that
f (φn(λ0), φn(λ0)) ∈ f (φn(λ0), yi0(λ0))+ P ⊂ int P + P ⊂ int P.
It contradict the fact that f (x, x) ∉ int P for any x ∈ X . Then, for any λ ∈ ∆n, there exists i(λ) ∈ J(λ) such that R(φn(λ), yi(λ))
holds.
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Hence, by Corollary 2.1, there exists x∗ ∈ S1(x∗) such that R(x∗, y) holds for any y ∈ S2(x∗), that is, there exists x∗ ∈ S1(x∗)
such that f (x∗, y) ∉ int P for any y ∈ S2(x∗). 
Corollary 3.5. Let X be a nonempty and compact subset of a Hausdorff topological vector space, and X have the fixed point
property. A set-valued mapping f : X × X −→ Z satisfies
(1) for any fixed y ∈ X, x −→ f (x, y) is P-continuous;
(2) for any fixed x ∈ X, y −→ f (x, y) is C–P-quasiconcave;
(3) for any x ∈ X, f (x, x) ∉ int P.
Then there exists x∗ ∈ X such that f (x∗, y) ∉ int P for any y ∈ X.
3.4. Multi-objective generalized game and n-person noncooperative generalized game
Consider the n-person multi-objective generalized game Γ {I, Xi, F i,Gi}. Assume that (i) I = {1, . . . , n} is the set of
players; (ii) for each i ∈ I , the nonempty set Xi is the strategy set of the ith player; (iii) for each i ∈ I, F i = (f i1, . . . , f ik) : X =
i∈I Xi −→ Rk is the vector payoff function of the ith player; (iv) for each i ∈ I , Gi : X−i =

j∈I\{i} Xj −→ 2Xi is the feasible
mapping of the ith player.
We shall denote X−i = j∈I\{i} Xj, x−i = (x1, . . . , xi−1, xi+1, . . . , xn) ∈ X−i, x = (xi, x−i) ∈ X . x∗ = (x∗i , x∗−i) ∈ X is called
a weakly Pareto–Nash equilibrium point of Γ {I, Xi, F i,Gi} if, for each i ∈ I ,
x∗i ∈ Gi(x∗−i); F i(ui, x∗−i)− F i(x∗i , x∗−i) ∉ int Rk+, ∀ui ∈ Gi(x∗−i).
If k = 1,Γ {I, Xi, F i,Gi} is a normal n-person noncooperative generalized game.
Let us define the mapping U : X × X −→ Rk and G : X −→ 2X by
U(x, y) =
n
i=1
[F i(yi, x−i)− F i(xi, x−i)],
G(x) =

i∈I
Gi(x−i).
It is easy to prove that x is a weakly Pareto–Nash equilibrium point of Γ {I, Xi, F i,Gi} iff x ∈ G(x) and U(x, y) ∉ int Rk+ for
any y ∈ G(x). Then we have the following results:
Theorem 3.6. Assume that
(i) for each i ∈ I, Xi is a nonempty and compact subset of a Hausdorff topological vector space, and X has the fixed point property;
(ii) for each i ∈ I, {x ∈ X |xi ∈ Gi(x−i)} is closed, and G−1i (yi) is open for any yi ∈ Xi;
(iii) for any fixed y ∈ X, x −→ U(x, y) is Rk+-continuous;
(iv) for any finite subset {x1, . . . , xn} of X, there exists a continuous mapping φn : ∆n −→ X such that, for any λ ∈ ∆n, there
exists i ∈ J(λ) such that
U(φn(λ), φn(λ)) ∈ U(φn(λ), xi)+ Rk+;
if xi ∈ G(φn(λ)) for any i ∈ J(λ), then φn(λ) ∈ G(φn(λ)).
Then there exists one weakly Pareto–Nash equilibrium point x∗ ∈ X of Γ {I, Xi, F i,Gi} at least.
Proof. Easily, it is proved by Corollary 3.5. 
Remark 3.1. It would be nice to have a version of Theorem 3.6 for Pareto–Nash equilibrium, see [19].
If k = 1, we have:
Theorem 3.7. Assume that
(i) for each i ∈ I, Xi is a nonempty and compact subset of a Hausdorff topological vector space, and X has the fixed point property;
(ii) for each i ∈ I, {x ∈ X |xi ∈ Gi(x−i)} is closed, and G−1i (yi) is open for any yi ∈ Xi;
(iii) for any fixed y ∈ X, x −→ U(x, y) is lower semicontinuous;
(iv) for any finite subset {x1, . . . , xn} of X, there exists a continuous mapping φn : ∆n −→ X such that, for any λ ∈ ∆n, there
exists i ∈ J(λ) such that
U(φn(λ), φn(λ)) ≥ min
i∈J(λ)
U(φn(λ), xi);
if xi ∈ G(φn(λ)) for any i ∈ J(λ), then φn(λ) ∈ G(φn(λ)).
Then there exists one Nash equilibrium point x∗ ∈ X of Γ {I, Xi, F i,Gi} at least.
Proof. Easily, it is proved by Corollary 3.4. 
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4. Conclusion
In this paper we used novel methods to establish variational relation problems without the KKM property. Furthermore,
bymeans of variational relation problems, we obtained new existence theorems of solutions for generalized KKM theorems,
variational inclusion problems, the generalized (vector) Ky Fan Minimax Inequality, generalized Ky Fan section theorems,
n-person noncooperative generalized games and n-person noncooperative multi-objective generalized games.
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